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Straight finsAbstract Radiating extended surfaces are usually utilized to enhance the heat transfer between pri-
mary surface and the environment. In this paper, temperature distribution, fin efficiency, efficacy of
convective straight fins with constant and temperature-dependent thermal conductivity are solved
by implementing homotopy perturbation sumudu transform method (HPSTM). The proposed
method is very useful and practical for solving the fractional order nonlinear diffusion equation,
which is associated with variable thermal conductivity condition. A dimensionless analytical expres-
sion has been developed for fin effectiveness. The fin efficiency and the fin effectiveness have been
attained as a function of thermo-geometric fin parameter. It can be noticed that the thermal con-
ductivity parameter has a strong influence over the fin efficiency. The analytical solutions acquired
by the present method illustrate the approach is easy to implement and computationally very inter-
esting. The obtained results are compared with previously found classical order results using vari-
ational iteration method (VIM), Adomian decomposition method, and the results from Galerkin
method in order to show the competence of this present method. HPSTM is a simple and effective
method for rapid assessment of physical systems although the fractional order energy balance equa-
tions comprise with strong nonlinear terms. The subsequent correlation equations can benefit ther-
mal design engineers for designing of innovative straight fins with both constant and temperature-
dependent thermal conductivity.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
An extensive majority of problems and scientific phenomena
like heat transfer involve the function of nonlinearly [9]. Heat
transfer is a very popular science in mechanical engineering as
it can be necessary in numerous objects. A problem for
improving heat transfer can be solved by using the extended
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duct heat from heat source to the fin surface by its thermal
conduction, and then dissipates heat to the air by the effect
of thermal convection and radiation. Besides the conventional
applications, such as heat exchangers, internal combustion
engines and compressors, fins also confirm efficacious in heat
rejection systems in space vehicles and in cooling of electronic
components [2,12]. Kern and Kraus [11] presented a broad
review on this topic. Domairry and Fazeli [13] examined the
effectiveness of convective fins by using Homotopy Perturba-
tion Method (HPM). A fin array in conduction combined with
radiation in a non-participating medium or basis of dynamics
of heat transfer in a space radiator and basic one dimensional
radiating fins have been analyzed extensively [5,6,10]. Bartas
and Sellers [15] have studied the heat-rejecting system compris-
ing of parallel tubes joined by web plates. The regular pertur-
bation method was used by Aziz and Hug [3] in order to
calculate a closed form solution for a straight convecting fin
with temperature-dependent thermal conductivity. Arslanturk
[7,8] utilized Adomian Decomposition Method to acquire ana-
lytical expressions for dimensionless temperature and fin effi-
ciency with temperature-dependent thermal conductivity.
In recent years, analysis of heat transfer in extended sur-
faces has become crucial with the growing significance of high
performance of heat transfer surfaces with increasingly smaller
weights, volumes, initial and running cost of the systems [7].
Besides the improvements in traditional, numerical calculation
methods, a new approach such as homotopy perturbation
sumudu transform method has been presented to analyze the
systems with less or strong nonlinearity. In this article, mainly
we have applied HPSTM to solve fractional order energy bal-
ance equation for finding fin efficiency of convective straight
and radial fins with variable thermal reactivity.
Recently, HPSTM is used to solve nonlinear fractional gas
dynamics equation and other physical problems [16]. The
HPSTM is a combination of sumudu transform, homotopy
perturbation method, and He’s polynomials [1]. Fractional cal-
culus [17,19] is a field of applied mathematics that deals with
derivatives and integrals of arbitrary orders. During the last
three decades, fractional calculus has found applications in
several apparently diverse fields of science and engineering
[21–24]. Therefore, the analytical method HPSTM does not
require a small parameter for solving the fractional orderTable 1 The dimensionless temperature distribution within the fin f
n w ¼ 0:2 w ¼ 0:5
HPM [5] VIM [20] HPSTM HPM [5] V
0 0.9803 0.9803 0.980328 0.8868 0.
0.1 0.9805 0.9805 0.980524 0.8879 0.
0.2 0.9805 0.9811 0.981112 0.8913 0.
0.3 0.9821 0.9820 0.982093 0.8968 0.
0.4 0.9835 0.9834 0.983467 0.9046 0.
0.5 0.9852 0.9852 0.985234 0.9147 0.
0.6 0.9874 0.9873 0.987395 0.9270 0.
0.7 0.9900 0.9899 0.989951 0.9417 0.
0.8 0.9929 0.9929 0.992903 0.9587 0.
0.9 0.9963 0.9962 0.996252 0.9781 0.
1.0 1.0000 1.0000 1.00000 1.0000 1.energy balance equation. The nonlinear fractional differential
equation is solved by HPSTM to estimate the temperature dis-
tribution within the fin and fin efficiency. Utilizing the temper-
ature distribution, the effectiveness of the fins is exhibited
through thermo-geometric fin parameter, w and the thermal
conductivity parameter, b describing the variation of the ther-
mal conductivity. The correlation equations of compact form
are useful for designing of the straight fins with constant ther-
mal conductivity. The capability, effectiveness, expediency and
high accuracy of this method can be observed by means of the
comparisons with the results available in the open literature for
classical order. To analyze the anomalous behavior for frac-
tional order energy balance equation, the obtained results in
this paper will be very useful. However, the comparison with
previous results is not possible only for fractional order since
the fractional order results are not available in the open liter-
ature. So these results would be a benchmark for future pur-
pose. Nevertheless, the integer order solutions have been
compared with HPM [5] in Table 1.
2. Convective straight ﬁns with temperature-dependent thermal
conductivity
Consider a straight fin with a temperature-dependent thermal
conductivity having arbitrary constant cross-sectional area
Ac, perimeter P and length b. From the fin to the surrounding
medium by convection with the same heat transfer coefficient
denoted as h. The fin is associated with a base surface of tem-
perature T, and extends into a fluid of temperature Ta, and its
tip is insulated (see in Fig. 1). The one-dimensional energy-
balance equation is given by [4,20]
Ac
d
dx
kðTÞ dT
dx
 
 Ph ðT TaÞ ¼ 0 ð2:1Þ
The thermal conductivity of the fin material is supposed to be a
linear function of temperature according to
kðTÞ ¼ ka½1þ kðT TaÞ ð2:2Þ
where k is the parameter defining the variation of the thermal
conductivity and ka is the thermal conductivity at the ambient
fluid temperature of the fin.
Introducing the dimensionless parameters,or the case of constant thermal conductivity b ¼ 0 and for a ¼ 2.
w ¼ 0:8
IM [20] HPSTM HPM [5] VIM [20] HPSTM
8868 0.886833 0.7477 0.7477 0.747893
8879 0.887942 0.7501 0.7500 0.750288
8912 0.891271 0.7573 0.7572 0.757487
8968 0.896829 0.7693 0.7693 0.769536
9046 0.904629 0.7863 0.7863 0.786512
9146 0.914691 0.8083 0.8083 0.808523
9270 0.927040 0.8355 0.8355 0.835705
9416 0.941707 0.8680 0.8680 0.868229
9587 0.958727 0.9061 0.9061 0.906294
9781 0.978142 0.9500 0.9500 0.950131
0000 1.00000 1.0000 1.0000 1.00000
h, aT
bT•
x dx
b 
Figure 1 Geometry of a straight fin.
Fractional order energy balance equation 79h ¼ T Ta
Tb  Ta ; n ¼
x
b
; b ¼ kðTb  TaÞ and w ¼ hPb
2
kaAc
 1=2
ð2:3Þ
Now Eq. (2.1) reduces to the following equation
d2h
dn2
þ bh d
2h
dn2
þ b dh
dn
 2
 w2h ¼ 0; 0 6 n 6 1 ð2:4Þ
with the following boundary conditions
dh
dn

n¼0
¼ 0 and hjn¼1 ¼ 1 ð2:5Þ
The computational domain 0 6 x 6 b is transformed to
0 6 n 6 1 by introducing the dimensionless parameters given
in Eq. (2.3).
3. Mathematical preliminaries of fractional calculus
The fractional calculus comprises different definitions of the
fractional operators such as Riemann–Liouville fractional
derivative, Caputo derivative, Riesz derivative and Grun-
wald–Letnikov fractional derivative [17,19]. The fractional cal-
culus has gained substantial importance during the past
decades mostly due to its applications in diverse fields of
science and engineering. For the purpose of this paper, the
Caputo’s definition of fractional derivative will be used with
regard to the advantage of Caputo’s approach that the initial
conditions for fractional differential equations with Caputo’s
derivatives take on the traditional form as for integer-order
differential equations.
3.1. Definition-Caputo fractional derivative
The fractional derivative introduced by Caputo [19], in the late
sixties, is called Caputo fractional derivative. The fractional
derivative of fðtÞ in the Caputo sense is defined by
Dat fðtÞ¼JmaDmfðtÞ
¼
1
CðmaÞ
R t
0
ðtsÞðma1Þ dmfðsÞ
dsm ds; ifm1<a<m; m2N
dmfðtÞ
dtm
; if a¼m; m2N
(
ð3:1:1Þwhere the parameter a is the order of the derivative and is
allowed to be real or even complex. Here N is the set of natural
numbers. In this paper only real and positive a will be
considered.
For the Caputo’s derivative, we have
DaC ¼ 0; ðC is a constantÞ ð3:1:2Þ
Datb ¼
0; b 6 a 1
Cðbþ1Þtba
Cðbaþ1Þ ; b > a 1
(
ð3:1:3Þ
Similar to integer order differentiation Caputo derivative is
linear.
DaðcfðtÞ þ dgðtÞÞ ¼ cDafðtÞ þ dDagðtÞ ð3:1:4Þ
where c and d are constants, and satisfy the so-called Leibniz’s
rule
DaðgðtÞfðtÞÞ ¼P1k¼0 ak
 
gðkÞðtÞDakfðtÞ, if fðsÞ is continu-
ous in [0, t] and gðsÞ has continuous derivatives sufficient num-
ber of times in [0, t].
4. Sumudu transform method
In the early 1990s, Watugala [14] presented a new integral
transform, named the sumudu transform and execute it to the
solution of ordinary differential equation in control engineer-
ing problems. Consider the function over the set of functions
A ¼ fðtÞj9M; s1; s2 > 0; fðtÞj j < Me
tj j
sj ; ift 2 ð1Þ j  ½0;1Þ
 
ð4:1Þ
then, sumudu transform [25,26] is defined as follows
FðuÞ ¼ S½fðtÞ ¼
Z 1
0
fðutÞetdt; u 2 ðs1; s2Þ ð4:2Þ
In other words, the sumudu transform can also be written
as [26]
FðuÞ ¼ S½fðtÞ; u ¼ 1
u
Z 1
0
e
t
uð ÞfðtÞdt; u 2 ðs1; s2Þ ð4:3ÞInverse of sumudu transform
Let FðuÞ be the sumudu transform of fðtÞ such that Fð1=sÞ=s is
a meromorphic function, with singularities having ReðsÞ < c,
and there exists a circular region C with radius R and positive
constants M and k, with
Fð1=sÞ
s

 < MRk;
Then the function fðtÞ, is given by
S1½FðsÞ ¼ 1
2pi
Z cþi1
ci1
exp½stF 1
s
 
ds
s
¼
X
residues
exp½stF 1
s
	 

s
 
: ð4:4Þ
Proof. See in the Ref. [26]. h
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SðfgÞðtÞ ¼ uS½fðtÞS½gðtÞ ¼ uFðuÞGðuÞ: ð4:5Þ
Some of the properties of this transform were also established
by Weerakoon and Asiru in [18,25],
i. Let f ðtÞ be in A, and let S½f ðnÞðtÞ denotes the sumudu
transform of f ðnÞðtÞ, then for nP 1 [25]S fðnÞðtÞ
h i
¼ S fðtÞ½ 
un

Xn1
k¼0
fðkÞð0Þ
unk
ð4:6Þ
ii. If F ðuÞ is sumudu transform of f ðtÞ, then sumudu trans-
form of the Caputo fractional derivative is as follows
[16] " #
S Dat fðtÞ
  ¼ uaS½fðtÞ  Xm1
k¼0
uaþkfðkÞð0þÞ ;
m 1 < a 6 m ð4:7Þ
Here fðkÞð0þÞ is the right hand limit of k-th order differ-
entiable function at point 0.5. Formulation for homotopy perturbation sumudu transform
method (HPSTM)
To exemplify the basic idea of HPSTM, consider a general
fractional nonlinear nonhomogeneous differential equation
ð1 < a < 2Þ with the initial condition of the form [23]
Dat UðtÞ þ RUðtÞ þNUðtÞ ¼ gðtÞ ð5:1Þ
with initial condition
Uð0Þ ¼ U0 ð5:2Þ
where R is the linear differential operator, N represents the
general nonlinear differential operator, and g ðtÞ is the source
term. Dat UðtÞ denotes the Caputo fractional derivative of the
function UðtÞ.
Implementing sumudu transform (denoted by S) on both
sides of (5.1), we get
S½Dat UðtÞ þ S½RUðtÞ þ S½NUðtÞ ¼ S½gðtÞ ð5:3Þ
Utilizing property (ii) of the sumudu transform, we have
S½UðtÞ ¼ Uð0Þ þ uaS½gðtÞ  uaS½RUðtÞ þNUðtÞ ð5:4Þ
Applying inverse sumudu transform on both sides of (5.4), we
obtain
UðtÞ ¼ GðtÞ  S1½uaS½RUðtÞ þNUðtÞ ð5:5Þ
where GðtÞ ¼ S1½Uð0Þ þ uaS½gðtÞ represents the term arising
from the source term and the prescribed initial conditions.
Now we apply the HPM
UðtÞ ¼
X1
n¼0
pnUnðtÞ; ð5:6Þ
where p 2 ½0; 1 is an embedding parameter.The nonlinear term present in (5.1) can be decomposed as
NUðtÞ ¼
X1
n¼0
pnHnðUÞ ð5:7Þ
for some He’s polynomials HnðUÞ defined by
HnðU0;U1; . . . ;UnÞ¼ 1
n!
@n
@pn
N
X1
i¼0
piUi
 !" #
p¼0
; for n¼0;1;2; . . .
ð5:8Þ
By the Homotopy technique, we construct a Homotopy [24,25]
HðpÞ¼LðUðtÞÞLðUð0ÞÞþp½S1½uaS½p½RðUðtÞÞþNUðtÞgðtÞ ¼ 0
Now, substituting Eqs. (5.6) and (5.7) in Eq. (5.5), we obtain
X1
n¼0
pnUnðtÞ¼GðtÞp S1 uaS R
X1
n¼0
pnUnðtÞþ
X1
n¼0
pnHnðUÞ
" #" #" #
ð5:9Þ
Resulting Eq. (5.9) is the coupling of the sumudu transform
and the HPM using He’s polynomials. Equating the coeffi-
cients of like powers of p, the following approximations can
be obtained as
p0 : U0ðtÞ ¼ GðtÞ;
p1 : U1ðtÞ ¼ S1½uaS½RU0ðtÞ þH0ðUÞ;
p2 : U2ðtÞ ¼ S1½uaS½RU1ðtÞ þH1ðUÞ;
p3 : U3ðtÞ ¼ S1½uaS½RU2ðtÞ þH2ðUÞ;
..
.
ð5:10Þ
By considering this procedure, UnðtÞ can be attained com-
pletely and thus the series solution is determined. Finally, we
approximate the analytical solution UðtÞ by truncated series
UðtÞ ¼ lim
M!1
XM
n¼0
UnðtÞ ð5:11Þ
Generally the above series solutions converge very rapidly.
6. Solution for ﬁn temperature in fractional order energy balance
equation by HPSTM
6.1. Straight fins
To understand the anomalous behavior of this system we frac-
tionalize the energy balance Eq. (2.4) into fractional order
ða > 0Þ as follows in order to find fin temperature in straight
fins
dah
dna
þ bh d
2h
dn2
þ b dh
dn
 2
 w2h ¼ 0; 1 < a < 2 and 0
6 n 6 1 ð6:1Þ
with the following boundary conditions
dh
dn

n¼0
¼ 0 and hjn¼1 ¼ 1 ð6:2Þ
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we obtain
S½hðnÞ ¼ K uaS½bhðnÞDnnhðnÞ þ bh2n  w2hðnÞ;
ðwhere let h0ðnÞ ¼ KÞ ð6:3Þ
Then, the inverse sumudu transform of Eq. (6.3) is obtained as
hðnÞ ¼ K S1½uaS½bhðnÞDnnhðnÞ þ bh2n  w2hðnÞ ð6:4Þ
Now, we apply HPM,
HðU; pÞ ¼ LðUðx; tÞÞ  LðUðx; 0ÞÞ þ p½S1½uaS½p½RðUðx; tÞÞ
þNUðx; tÞ  gðx; tÞ ¼ 0
or we can write,
X1
n¼0
pnhnðnÞ ¼ K p S1 uaS b
X1
n¼0
pnHnðhÞ
 !"""
þb
X1
n¼0
pnH0nðhÞ
 !
 w2
X1
n¼0
pnhnðnÞ
 !###
ð6:5Þ
whereHnðhÞ andH0nðhÞ are He’s polynomials that represent the
nonlinear terms. Here, the first He’s polynomials for first non-
linear term are defined as follows
X1
n¼0
pnHnðhÞ ¼ hðnÞDnnhðnÞ ð6:6Þ
where
HnðhÞ ¼ Hnðh0; h1; h2; . . . ; hnÞ ¼ 1n! @
n
@pn
N
P1
i¼0p
ihi
	 
 
p¼0, for
n ¼ 0; 1; 2; . . ..
The first few components of the first He’s polynomial for
corresponding nonlinear term are given by
H0ðhÞ ¼ h0ðnÞDnnðh0ðnÞÞ
H1ðhÞ ¼ h1ðnÞDnnðh0ðnÞÞ þ h0ðnÞDnnðh1ðnÞÞ
H2ðhÞ ¼ h2ðnÞDnnðh0ðnÞÞ þ h0ðnÞDnnðh2ðnÞÞ þ h1ðnÞDnnðh1ðnÞÞ
..
.
ð6:7Þ
Similarly, second He’s polynomials for second nonlinear term
are defined as followsX1
n¼0
pnH0nðhÞ ¼ ðhnÞ2 ð6:8Þ
where
H0nðhÞ ¼ H0nðh0; h1; h2; . . . ; hnÞ
¼ 1
n!
@n
@pn
N
X1
i¼0
pihi
 !" #
p¼0
; for n ¼ 0; 1; 2; . . .
The first few components of second He’s polynomial for
corresponding nonlinear term are given by
H00ðhÞ ¼ ðh0nÞ2
H01ðhÞ ¼ 2h0nh1n
H02ðhÞ ¼ ðh1nÞ2 þ 2h0nh2n
..
.
ð6:9Þ
Comparing the coefficients of like powers of p, we have
p0 : h0ðnÞ ¼ Kp1 : h1ðnÞ ¼ S1½uaS½bH0ðhÞ þ bH00ðhÞ  w2h0ðnÞ ¼
w2Kna
Cðaþ 1Þ
p2 : h2ðnÞ ¼ S1½uaS½bH1ðhÞ þ bH01ðhÞ  w2h1ðnÞ
¼ w
4Kn2a
Cð2aþ 1Þ 
K2aða 1Þbw2Cða 1Þ
Cðaþ 1Þ
n2a2
Cð2a 1Þ
 
p3 : h3ðnÞ¼S1½uaS½bH2ðhÞþbH02ðhÞw2h2ðnÞ
¼ K
2a2bw4Cð2a1Þ
Cðaþ1Þ2
n3a2
Cð3a1Þ
  
þb K
2aða1Þw4Cð2a1Þ
Cðaþ1Þ2
n3a2
Cð3a1Þ
  
þK K
2aða1Þð2a2Þð2a3Þbw2Cða1ÞCð2a3Þ
Cðaþ1ÞCð2a1Þ

n3a4
Cð3a3Þ
 
þ2Kað2a1Þw
4Cð2a1Þ
Cð2aþ1Þ
n3a2
Cð3a1Þ
 
w2 K
2aða1Þbw2Cða1Þ
Cðaþ1Þ
n3a2
Cð3a1Þ
 
þ Kw
4n3a
Cð3aþ1Þ
 
Therefore, the series solution is
h ¼ h0 þ h1 þ h2 þ h3 þ   
Hence, an approximate solution for h becomes
h ﬃ Kþ w
2Kna
Cðaþ 1Þ þ
w4Kn2a
Cð2aþ 1Þ
 K
2aða 1Þbw2Cða 1Þ
Cðaþ 1Þ
n2a2
Cð2a 1Þ
 
 K
2a2bw4Cð2a 1Þ
Cðaþ 1Þ2
 
n3a2
Cð3a 1Þ
 
þ b K
2aða 1Þw4Cð2a 1Þ
Cðaþ 1Þ2
 
n3a2
Cð3a 1Þ
 
þ K K
2aða 1Þð2a 2Þð2a 3Þbw2Cða 1ÞCð2a 3Þ
Cðaþ 1ÞCð2a 1Þ

n3a4
Cð3a 3Þ
 
þ 2Kað2a 1Þw
4Cð2a 1Þ
Cð2aþ 1Þ
n3a2
Cð3a 1Þ
 
 w2 K
2aða 1Þbw2Cða 1Þ
Cðaþ 1Þ

n3a2
Cð3a 1Þ
 
þ Kw
4n3a
Cð3aþ 1Þ

ð6:10Þ
In (6.10), constantK is the temperature at the fin tip, andmust lie
in the interval [0, 1]. By implementing the boundary conditions
in Eq. (2.5), the value ofK can be calculated. Since a constant K
is assumed as an initial guess, it automatically satisfies the
derivative boundary condition. Due to this fact, the only param-
eter K can be determined by the following boundary condition
hjn¼1 ¼ 17. Fin efﬁciency
The heat transfer rate from the straight fin is found by using
Newton’s law of cooling.
Q ¼
Z b
0
PðT TaÞdx ð7:1Þ
The ratio of the actual heat rate transfer from the fin surface to
ideal heat rate transfer from the fins if fins were present totally
in base temperature is called as the fin efficiency.
82 A. Patra, S. Saha Rayg ¼ Q
Qideal
¼
R b
0
PðT TaÞdx
PbðTb  TaÞ ¼
Z 1
0
hðnÞdn ð7:2Þ
After integrating Eq. (7.2), the dimensionless fin efficiency for
straight fins expression is obtained as follows
g ¼ Kþ w
2K
6
þ w
4K
120
þ w
6K
5040
 1
6
w2K2b 1
24
w4K2b
þ 1
6
w2K3b2 þ    ð7:3Þ8. Numerical results and discussions
The accuracy of the present proposed method has been tested
for constant thermal conductivity. Table 1 shows the compar-
ison of results attained from HPSTM with those obtained by
the analytical HPM solution [5] and VIM [20] taking b ¼ 0.
Absolute errors with exist methods in the open literature like
HPM [5] and VIM [20] of classical order solution a ¼ 2 for
dimensionless fin temperature at thermal conductivity have
been presented in Table 2. There is a pretty good agreementTable 2 Absolute error for dimensionless temperature distribution
and for a ¼ 2.
n w ¼ 0:2 w ¼ 0:5
Absolute error
between HPSTM
and HPM [5]
Absolute error
between HPSTM
and VIM [20]
Absolute error
between HPSTM
and HPM [5]
0 0.000028 0.000028 0.000033
0.1 0.000024 0.000024 0.000042
0.2 0.000612 0.000012 0.000029
0.3 0.000007 0.000007 0.000029
0.4 0.000033 0.000033 0.000029
0.5 0.000034 0.000034 0.000009
0.6 0.000005 0.000005 0.000040
0.7 0.000049 0.000049 0.000007
0.8 0.000003 0.000003 0.000027
0.9 0.000048 0.000048 0.000042
1.0 0 0 0
Figure 2 Dimensionless temperature distribubetween HPSTM results and other solutions viz. HPM and
VIM is observed.
In Figs. 2–7, dimensionless temperature variations of
straight fin for w ¼ 0:5 and 1.5 with different fractional order
viz. a ¼ 2; 1:75 and 1.5 are demonstrated. Here, we compare
the classical order ða ¼ 2Þ solutions for the temperature distri-
bution with the cases when temperature-dependent thermal
conductivity varies from b ¼ 0:5 to 0:5 with step 0.2; the later
results obtained by VIM [20] exist in the open literature. For
the purpose of demonstration, we select different b values
and two different values of the thermo-geometric fin parameter
w ¼ 0:5 and 1.5. These two cases are solved in similar manner
as in the case of constant thermal conductivity and the results
of the normalized temperature distributions are plotted in
Figs. 2 and 5 for considering the classical order a ¼ 2. These
figures reveal that, for a constant value of the thermal conduc-
tivity parameter b, a greater temperature drop is experienced
by a fin having higher thermo-geometric fin parameter. This
is expected since higher thermo-geometric parameters imply
a higher value of convective heat transfer coefficient and a
lower value of thermal conductivity, which ultimately result
in a higher temperature drop along the length of the fin.within the fin for the case of constant thermal conductivity b ¼ 0
w ¼ 0:8
Absolute error
between HPSTM
and VIM [20]
Absolute error
between HPSTM
and HPM [5]
Absolute error
between HPSTM
and VIM [20]
0.000033 0.000193 0.000193
0.000042 0.000188 0.000288
0.000071 0.000187 0.000287
0.000029 0.000236 0.000236
0.000029 0.000212 0.000212
0.000091 0.000223 0.000223
0.000040 0.000205 0.000205
0.000107 0.000229 0.000229
0.000027 0.000194 0.000194
0.000042 0.000131 0.000131
0 0 0
tion for convective straight fins for a ¼ 2.
Figure 3 Dimensionless temperature distribution for convective
straight fins for a ¼ 1:75.
Figure 4 Dimensionless temperature distribution for convective
straight fins for a ¼ 1:5.
Figure 6 Dimensionless temperature distribution for convective
straight fins for a ¼ 1:75 and w ¼ 1:5.
Figure 7 Dimensionless temperature distribution for convective
straight fins for a ¼ 1:5 and w ¼ 1:5.
Fractional order energy balance equation 83The behavior of fin tip temperature with the thermo-
geometric parameter for different values of the thermal con-
ductivity b like 0.5 and 0.3 is depicted in Figs. 8–13. The
numerical results cited by Figs. 8 and 11 for classical order
a ¼ 2 can be compared with Figs. 5.7 and 5.5 in Coskun and
Atay [20] respectively, which shows a good agreement betweenFigure 5 Dimensionless temperature distribution foHPSTM and VIM methods. It can be seen that fin efficiency g
remarkably decreases with the increasing values of thermo-
geometric fin parameter w in Figs. 8–13. The obtained results
justify that HPSTM provides a good approximation for the
temperature variation at the fin tip [27].r convective straight fins for a ¼ 2 and w ¼ 1:5.
Figure 8 Variation of dimensionless fin tip temperature for
b ¼ 0:5 and a ¼ 2.
Figure 9 Variation of dimensionless fin tip temperature for
b ¼ 0:5 and a ¼ 1:75.
Figure 10 Variation of dimensionless fin tip temperature for
b ¼ 0:5 and a ¼ 1:5.
Figure 11 Variation of dimensionless fin tip temperature for
b ¼ 0:3 and a ¼ 2.
Figure 12 Variation of dimensionless fin tip temperature for
b ¼ 0:3 and a ¼ 1:75.
Figure 13 Variation of dimensionless fin tip temperature for
b ¼ 0:3 and a ¼ 1:5.
84 A. Patra, S. Saha Ray9. Conclusion
In this study, HPSTM has been utilized to evaluate tempera-
ture distribution, efficiency and effectiveness of straight finswith temperature-dependent thermal conductivity. A dimen-
sionless expression for the fin effectiveness has been defined.
HPSTM is a perturbation based iterative technique and it is
an effective method in the solution of nonlinear fractional dif-
ferential equations. In each iteration, the method gives directly
Fractional order energy balance equation 85the solution as a polynomial expression and this is the main
advantage of the method. If the nonlinearity in the equation
to be solved increases significantly, more iteration can be
required. However, for the present analysis, the obtained
results are enough to come to a conclusion about the efficiency
of the method. It can also be noted that the behavior of the
solution is affected by the value of thermo-geometric fin
parameter. The expressions presented may be very suitable
for engineers in terms of providing a fundamental key before
dealing with heat conduction problems with strong
nonlinearities.
Future works
In future the authors will plan to study thermal analysis of
convective fin with temperature-dependent thermal conductiv-
ity [28], heat generation case studies in Thermal Engineering
[29] and Thermal performance of circular convective-
radiative porous fins with different section shapes and
materials.
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